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The paper concerns 3-D fracture dynamic problems for elastic bimaterials with cracks
located at the bonding interface under the time-harmonic loading. The problem for a
penny-shaped interface crack under normally incident tension–compression wave is solved
taking the crack’s closure into account. The dynamic stress intensity factors are computed as
functions of the loading frequency and compared with those obtained neglecting the crack’s
closure.
 2011 Elsevier Ltd. Open access under CC BY license.1. Introduction
The modern engineering standards demand that the components’ design should incorporate an awareness of various
safety factors. The great attention is paid to the failure analysis as an essential tool to improve materials’ reliability, which
helps prevent accidents and disasters causing by the unpredicted fracture. Thus the dynamic response of intra- and inter-
component cracks to elastic waves is a topic of long-standing interest in fracture mechanics [1–6]. The growth of interfacial
cracks has a signiﬁcant inﬂuence on the integrity of layered composite materials. Consequently, the problems of bimaterials
and layered materials with interlayer cracks are of particular importance [7–13]. Today, due to the great improvement in
computer technology and computational methods, it is possible to solve many complex interface crack problems accurately
and efﬁciently [14–19].
It should also be emphasised that the opposite faces of existing cracks interact with each other under deformation, dras-
tically affecting the distributions of the stress and strain ﬁelds. In general, when bodies are brought together they will either
be in contact at a point, along a line, or over a surface. In complex loading and geometrical conﬁgurations, a combination of
the above mentioned contacts is possible. Upon application of a load on these bodies in contact, the initial contact region will
change. The extent of changes will depend on the magnitude of the external load, the elastic properties of the bodies and
frictional behaviour at the contact interfaces, which are unknown beforehand. Due to the non-linearity of the dynamic
cracks’ faces contact interaction the researchers almost always neglect the effects of the cracks’ closure in spite of its evident
signiﬁcance [20–29].
One of the ﬁrst ever attempts to solve the dynamic interface cracks problem taking the crack’s closure into account was
recently undertaken by the authors of the present study [28], who considered 2-D bimaterials with linear interface cracks
under harmonic loading. It was shown that the crack’s closure changes the solution both quantitatively and qualitatively,
as the difference between comparable quantities (in particular, stress intensity factors) obtained taking the crack closure into
account and neglecting it can reach 30–50%. The solution was obtained based on the system of boundary integral equationsax: +44 1224 272519.
enshykov).
 BY license.
Nomenclature
cðmÞ1 ; c
ðmÞ
2 velocities of the longitudinal and transversal waves
kðmÞ1 ; k
ðmÞ
2 generalized wave numbers
g(m) (x, t) tractions at the crack faces caused by the incident wave
~pðmÞðx; tÞ;pðx; tÞ total tractions at the crack faces and bonding interface
q(x, t) contact force
u(m)(x, t), u(x, t) displacements at the crack faces and bonding interface
E(m) the Young elastic modulus
R radius of the crack
T period of the incident wave
UðmÞij ðx; y;xÞ;W
ðmÞ
ij ðx; y;xÞ fundamental solutions in the frequency domain
k(m), l(m) the Lamé coefﬁcients
q(m) material density
m(m) the Poisson ratio
x frequency of the incident wave
C(m)cr crack faces
C bonding interface
U0 amplitude of the incident wave
O.V. Menshykov et al. / Engineering Fracture Mechanics 80 (2012) 52–59 53for the general case of an interface crack between two dissimilar elastic materials under dynamic loading derived in [30–36].
The reviews of the results obtained for cracked bimaterials neglecting the cracks’ closure are given in [5,6,17–19,35,36].
The current work is devoted to the study of the linearly elastic bimaterial with a penny-shaped interface crack under the
normally incident time-harmonic tension–compression wave. It must be noted that in contrast to problems for homoge-
neous materials with cracks under the normally incident longitudinal loading an oscillating singularity appears at the vicin-
ity of the crack front; and the normal displacements and tangential tractions arise at the bonding interface, which results in
non-zero shear stress intensity factors even for the case considered [1,8,15,21,29,34,36]. The dynamic stress intensity factors
(opening and transverse shear modes) are computed as functions of the frequency of the incident wave. For the very ﬁrst
time, the results for the 3-D interface crack problem are obtained taking the crack’s closure into account.
2. Methodology
Let us consider an unbounded bimaterial which consists of two dissimilar linearly elastic homogeneous isotropic half-
spaces X(1) and X(2) with plane boundaries C(1) and C(2). Henceforth, the superscript (1) refers to the upper half-space
and the superscript (2) refers to the lower half-space. The crack is located at the bimaterial interface. The boundary C(m)
(m = 1, 2) consist of the inﬁnite part C(m) and the ﬁnite part C(m)cr, and the crack surface Ccr is formed by two faces,
C(1)cr and C(2)cr (see Fig. 1).
In the absence of body forces, the stress–strain state of both half-spaces is deﬁned by the Lamé dynamic equations of the
linear elasticity for the displacement vector u(m)(x, t)ðkðmÞ þ lðmÞÞgraddivuðmÞðx; tÞ þ lðmÞDuðmÞðx; tÞ ¼ qðmÞ@2t uðmÞðx; tÞ; x 2 XðmÞ; t 2 ½0;1Þ; ð1Þ
where D is the Laplace operator, k(m) and l(m) are the Lamé elastic constants, q(m) is the speciﬁc material density.Fig. 1. Interface crack under loading.
54 O.V. Menshykov et al. / Engineering Fracture Mechanics 80 (2012) 52–59The standard conditions of continuity for displacements, u(1)(x, t) = u(2)(x, t), and stresses, p(1)(x, t) = p(2)(x, t), where
p(m)(x, t) is the traction vector, are satisﬁed at the bonding interface C = C(1)\C(2). At the crack surface the traction vectors
g(m)(x, t), caused by the external loading, are given.
It is also assumed that there are no initial displacements of the points of the body, and the Sommerfeld radiation-type
condition, which provides a ﬁnite elastic energy of an inﬁnite body, was imposed at inﬁnity on the vector of displacements.
In order to include the contact interaction of the opposite crack’s faces into consideration, the Signorini unilateral con-
straints must be imposed for the normal components of the contact force and the displacement vectors½unðx; tÞP 0; qnðx; tÞP 0; ½unðx; tÞqnðx; tÞ ¼ 0; x 2 X; t 2 ½0; T; ð2Þ
where [u(x, t)] = u(1)(x, t)  u(2)(x, t) is the displacement discontinuity vector; and q(x, t) is the contact force that arises in the
contact region, which is unknown beforehand, changes in time under deformation of the material andmust be determined as
a part of solution. The contact region also depends on the frequency, magnitude and direction of the external loading com-
plicating the problem even more and making it highly non-linear [21,23–26,28,29].
It must also be noted that in reality the friction of the opposite crack faces would also affect the solution of the problem. In
order to simplify the analysis, the friction was not taken into account in the case presented here. Hence, considering the fric-
tion will be the natural next stage of the research (see also [20,22,23,25,27]).
The constraints (2) ensure that there is no interpenetration of the opposite crack faces; the normal component of the con-
tact force is unilateral and it is absent for any non-zero opening of the crack. Note that, due to the contact interaction the
traction vector at the crack faces, ~pðmÞðx; tÞ, is the superposition of the initial traction caused by the incident wave, g(m)(x,
t), and the contact force, q(x, t).
The allowance for crack faces contact interaction makes the resulting process a steady-state periodic, but not a harmonic
one. Hence, the components of the stress–strain state cannot be represented as a function of coordinates multiplied by an
exponential function [21,23–26,28,29]. Here all components of the solution are expanded into the Fourier seriesf ð; tÞ ¼ Re
Xþ1
k¼1
f kðÞeixkt
( )
; ð3Þwhere xk = 2pk/T, and the appropriate Fourier coefﬁcients are given asf kðÞ ¼ x
2p
Z T
0
f ð; tÞeixktdt: ð4ÞFor the general case of the dynamic loading of the bimaterial with interface crack the Somigliana dynamic representations
for the components of the displacement and traction ﬁelds in the upper and lower half-spaces can be used in order to obtain
the necessary system of boundary integral equations corresponding to the considered problem [30,32], see also [31,33–36].
Using the results presented by the authors of the current study for the 2-D case in [28], the following system of boundary
integral equations for the Fourier coefﬁcients of displacements and tractions at the interface and the crack faces can be ob-
tained in the considered 3-D case of the harmonic loading
Z
Cð1Þcr
~pk;ð1Þi ðyÞUð1Þij ðx; y;xkÞdy ¼ 
1
2
uk;ð1Þi ðxÞ 
Z
Cð1Þcr
uk;ð1Þi ðyÞW ð1Þij ðx; y;xkÞdy þ
Z
C
uk;i ðyÞW ð1Þij ðx; y;xkÞdy

Z
C
pk;i ðyÞUð1Þij ðx; y;xkÞdy; x 2 Cð1Þcr; ð5Þ

Z
Cð2Þcr
~pk;ð2Þi ðyÞUð2Þij ðx; y;xkÞdy ¼ 
1
2
uk;ð2Þi ðxÞ 
Z
Cð2Þcr
uk;ð2Þi ðyÞW ð2Þij ðx; y;xkÞdy 
Z
C
uk;i ðyÞW ð2Þij ðx; y;xkÞdy
þ
Z
C
pk;i ðyÞUð2Þij ðx; y;xkÞdy; x 2 Cð2Þcr; ð6Þ

Z
Cð1Þcr
~pk;ð1Þi ðyÞUð1Þij ðx; y;xkÞdy ¼ 
1
2
uk;i ðxÞ 
Z
Cð1Þcr
uk;ð1Þi ðyÞW ð1Þij ðx; y;xkÞdy þ
Z
C
uk;i ðyÞW ð1Þij ðx; y;xkÞdy

Z
C
pk;i ðyÞUð1Þij ðx; y;xkÞdy; x 2 C; ð7Þ

Z
Cð2Þcr
~pk;ð2Þi ðyÞUð2Þij ðx; y;xkÞdy ¼ 
1
2
uk;i ðxÞ 
Z
Cð2Þcr
uk;ð2Þi ðyÞW ð2Þij ðx; y;xkÞdy 
Z
C
uk;i ðyÞW ð2Þij ðx; y;xkÞdy
þ
Z
C
pk;i ðyÞUð2Þij ðx; y;xkÞdy; x 2 C; ð8Þwhere ~pk;ðmÞi ðxÞ; pk;i ðxÞ;uk;i ðxÞ and uk;ðmÞi ðxÞ, are the Fourier complex-valued coefﬁcients of the total traction at the crack sur-
face, unknown traction and displacements at the bonding interface and the opposite crack faces. The integration surface C
coincides with the surface C(2); and variables uk;i ðxÞ ¼ uk;ð1Þi ðxÞ ¼ uk;ð2Þi ðxÞ; pk;i ðxÞ ¼ pk;ð1Þi ðxÞ ¼ pk;ð2Þi ðxÞ;x 2 C in introduced
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according the Eq. (2).
The Green’s fundamental displacement tensor UðmÞij ðx; y;xÞ present in Eqs. (5)–(8) has the following form:Fig. 2.UðmÞij ðx; y;xkÞ ¼
1
4plðmÞ
wðmÞdij  vðmÞ ðyi  xiÞr
ðyj  xjÞ
r
 
; ð9Þwhere dij is the Kronecker delta, r is the distance between the observation point and the load point. The appropriate expres-
sions for functions w(m) and v(m) in the considered 3-D case of the harmonic loading are [3,4,21]:wðmÞ ¼ 1
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r
; ð11Þwhere lðmÞ1 ¼ ixkr=cðmÞ1 ; lðmÞ2 ¼ ixkr=cðmÞ2 ; cðmÞ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkðmÞ þ 2lðmÞÞ=qðmÞ
q
and cðmÞ2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðmÞ=qðmÞ
p
are the velocities of the longitudinal
and the transversal waves in the material.
Consequently the integral kernel W ðmÞij ðx; y;xkÞ is obtained from UðmÞij ðx; y;xkÞ and has the form [21,31,33,34]:W ðmÞij ðx; y;xkÞ ¼ kðmÞnðmÞi ðyÞ
@
@yz
UðmÞzj ðx; y;xkÞ þ lðmÞnðmÞz ðyÞ
@
@yz
UðmÞij ðx; y;xkÞ þ
@
@yi
UðmÞzj ðx; y;xkÞ
 
: ð12ÞThe exact expressions for integral kernels UðmÞij ðx; y;xkÞ andW ðmÞij ðx; y;xkÞ in terms of the Taylor power series are given in
Appendix.
The considered non-linear contact problem requires an iterative solution procedure, which consistently solves the Neu-
mann and Dirichlet problems in the cracked solid in combination with projections onto subsets of admissible displacements
and admissible contact forces [21]. During the iterative process, the solution changes until the distribution of physical values
satisfying the contact constraints (2) is found. Here the algorithm initially proposed for dynamic problems in homogeneous
cracked solids [21,37] was adapted and used to solve the considered 3-D interface problem. The piecewise-constant approx-
imation of the known and unknown functions was used to solve the problem numerically.
3. Numerical results
A penny-shaped crack with the radius of R at the bimaterial interface is considered as a numerical example. The materials
of the upper and lower half-spaces have the typical properties of steel and epoxy: E(1) = 207 GPa, E(2) = 4.6 GPa; m(1) = 0.28,
m(2) = 0.36; q(1) = 7800 kg/m3, q(2) = 1380 kg/m3.
A time-harmonic tension–compression wave propagates normally to the interface. It is assumed that the incident wave
can be described by the following potential functionStress intensity factor (opening mode) plotted against the number of iterations for different iterative coefﬁcients, the wave number kð1Þ2 R ¼ 0:25.
Fig. 3. Stress intensity factor (opening mode) plotted against the number of iterations for different iterative coefﬁcients, the wave number kð1Þ2 R ¼ 0:50.
Fig. 4. Stress intensity factor for opening mode plotted against the wave number.
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ð1Þ
1 x3xtð Þ; ð13Þwhere U0 and x are the amplitude and the frequency of the incident wave; k
ð1Þ
1 x=c
ð1Þ
1 is the generalized wave number. This
potential generates the displacement ﬁeld uðx; tÞ ¼ gradxUðx; tÞ and the traction g(x, t) caused by the incident wave isgðx; tÞ ¼ ð0;0;ðkð1Þ1 Þ2U0 cosðxtÞÞ; x 2 X; t 2 ½0; T: ð14Þ
The dynamic stress intensity factors (the opening and the transverse shear modes) were computed in the vicinity of the
crack front using the following asymptotic expressions [3,4,21]:KI ¼max
t
lim
r!0
pnðRþ r; tÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
; KII ¼max
t
lim
r!0
psðRþ r; tÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
; ð15Þwhere pnðRþ r; tÞ; psðRþ r; tÞ, are normal and tangential components of the traction vector at the bonding interface; r is the
distance from the crack front.
Fig. 5. Stress intensity factor for transverse shear mode plotted against the wave number.
O.V. Menshykov et al. / Engineering Fracture Mechanics 80 (2012) 52–59 57The convergence of the algorithm with respect to the iterative coefﬁcient for different wave numbers is given in Figs. 2
and 3. The results are normalised by the corresponding static values. Note that within the considered range of iterative coef-
ﬁcients, the use of different coefﬁcients affects only the rate of convergence but not the obtained results.
In Figs. 4 and 5 the dynamic stress intensity factors for the opening mode and the transverse shear mode for two com-
binations of the properties of the upper and the lower half-spaces (steel–epoxy and steel–steel) are given as functions of the
dimensionless wave number kð1Þ2 R ¼ xR=cð1Þ2 .
The presented numerical results for the opening and shear modes were obtained for the iterative coefﬁcient Kn = 1000, the
approximate area of the boundary element nearest to the crack front h = R2/214, the number of Fourier coefﬁcients Nf = 5, and
the number of time steps within the period of oscillations Nt = 50. The results obtained for the crack between two identical
half-spaces (steel–steel) are in very good agreement with the results for the homogeneous cracked body [26].
It is evident from Figs. 4 and 5, that the maximal stress intensity factors evaluated with allowance for the effect of crack
closure are much smaller than the ones obtained when neglecting it. Furthermore, the maximums are achieved at different
wave frequencies. Note that the dissimilarity of the upper and the lower half-spaces results in mixed mode stress distribu-
tions for any type of the loading (e.g. there are tangential displacements’ jumps and tangential tractions for the considered
case of the normally incident tension–compression wave, and vice versa). Hence, due to this mutual dependence of the nor-
mal and tangential components of the solution the transverse shear mode of the stress intensity factor is affected by the
crack closure even for the frictionless case considered in this paper.
4. Conclusions
The current paper is devoted to the study of the linearly elastic bimaterial with a penny-shaped interface crack under
normally incident time-harmonic tension–compression wave. The problem is solved by using the boundary integral equa-
tions method and the Somigliana dynamic identity for the displacement ﬁeld.
For the very ﬁrst time the 3-D interface problem is solved taking the crack closure into account. The dynamic stress inten-
sity factors (opening and transverse shear modes) are computed as functions of the frequency of the incident wave and com-
pared with those obtained neglecting the crack’s closure. Analysis of the results shows that the crack closure signiﬁcantly
changes the solution.
It must also be noted that in reality the friction of the opposite crack faces would signiﬁcantly affect the solution of the
problem. Thus, considering the friction will be the natural next stage of the research.
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After the differentiation and some manipulations the integral kernels UðmÞij ðx; y;xkÞ and W ðmÞij ðx; y;xkÞ present in systems
of boundary integral Eqs. (5)–(8) in terms of the Taylor power series are as shown [21,31,33,34]:UðmÞ13 ðx; y;xkÞ ¼ UðmÞ23 ðx; y;xkÞ ¼ UðmÞ31 ðx; y;xkÞ ¼ UðmÞ32 ðx; y;xkÞ ¼ 0; ðA1Þ
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